Abstract. We introduce a new product formula which combines an orthogonal projection with a complex function of a non-negative operator. Under certain assumptions on the complex function the strong convergence of the product formula is shown. Under more restrictive assumptions even operator-norm convergence is verified. The mentioned formula can be used to describe Zeno dynamics in the situation when the usual non-decay measurement is replaced by a particular generalized observables in the sense of Davies.
Introduction
Product formulae are a traditional tool in various branches of mathematics; their use dates back to the time of Sophus Lie. Such formulae are often of the form s-lim n→∞ e −itA/n e −itB/n n = e −itC , C := A + B, t ∈ R, (1.1)
where A and B are bounded operators on some separable Hilbert space H and s-lim stands for the strong operator topology. A natural generalization to unbounded self-adjoint operators A and B is due to Trotter [23, 24] who showed that the limit exists and is equal to e −itC , t ∈ R, if the operator C,
is essentially self-adjoint. In [16, 17] Kato focused his interest to products of the type 
are satisfied. Under these conditions he was able to show that the limits (1.2) exist and are equal to e −tC , t ∈ R, where C is the form sum of A and B. Notice In the last few years we have witnessed a surge of interest to another type of product formulae, namely those where the left-hand side is replaced by an expression of the type s-lim
where H is a self-adjoint operator on some separable Hilbert space H and P is a orthogonal projection on some closed subspace h ⊆ H. Products of such type are motivated by the "quantum Zeno effect" (QZE). We call them therefore Zeno product formulae. The fact that the limit, if it exists, may be unitary on h is a venerable problem known already to Alan Turing and formulated in the usual decay context of quantum mechanics for the first time by Beskow and Nilsson [2]: frequent measurements can slow down a decay of an unstable system, or even fully stop it in the limit of infinite measurement frequency. The effect was analyzed mathematically by Friedman [12] but became popular only after the authors of [21] invented the above stated name. Recent interest is motivated mainly by the fact that now the effect is within experimental reach; an up-to-date bibliography can be found, e.g., in [10] or [22] . The physical interpretation of this formula can be given in the context of particle decay, cf. [8, Chap. II] . The unstable system is characterized by a projection P to a subspace h of the state Hilbert space H of a larger, closed system, the dynamics of which is governed by a self-adjoint Hamiltonian H. Repeating the non-decay measurement experiment with the period t/n, we can describe the time evolution over the interval [0, t] of a state originally in the subspace P H by the interlaced product (P e −itH/n P ) n ; the question is how this operator will behave as n → ∞.
In [21, Theorem 1] it was shown that if the limit (1.3) exists and there is a conjugation J commuting with P and H, then the Zeno product formula defines a unitary group on the subspace h. Another simple example shows that this result is not valid generally: the limit (1.3) may exist without defining a unitary group.
